The method for preparation of a two-qubit state on two spins-1/2 that mutually interact through an auxiliary spin is proposed. The essence of the method is that, initially, the three spins evolve under the action of an external magnetic field during a predefined period of time. Then, the auxiliary spin is measured by a monochromatic electromagnetic radiation that allows obtaining a certain state of the remaining spins. We study the entanglement of this state and obtain the condition for achieving the maximally entangled state. The implementation of the method on the physical system of nuclear spins of xenon difluoride is described. As a results, the conditions which allow preparing the maximally entangled state on this system are obtained.
I. INTRODUCTION
An important problem of quantum information is finding the methods for preparation of predefined quantum states that in turn allow to execute certain quantum algorithms. Quantum algorithms consist of a circuit of unitary operators which provide the transformation of a quantum register composed of quantum bits (qubits) [1] [2] [3] . These unitary operators are also called quantum gates. The qubits should be prepared on two-level quantum systems which are well isolated from their environment, for providing a high degree of quantum coherence, and the evolution of which is controlled by devices, which provide the unitary transformation. Also the states prepared on such systems should be measured with high fidelity. The systems that satisfy these conditions were suggested in many papers: spins of electrons and nuclei of atoms , superconducting circuits [28] [29] [30] [31] , trapped ions [32] [33] [34] [35] [36] [37] [38] , and ultracold atoms [39] [40] [41] [42] [43] [44] [45] etc.
Depending on the type of physical system there are different approaches that allow to control their evolution. The evolution of the electron and nucleus spins of atoms is provided by the interaction between them, and the interaction with external magnetic and electromagnetic fields. The technique which allows to drive and measure the state of such systems is called the spin resonance technique [46] . In paper [47] , a two-step method for the preparation of an arbitrary quantum state on the two-spin system with isotropic Heisenberg interaction was proposed. The simplified version of this method was considered on the physical system of an atom having with a nuclear spin 1/2 and one valence electron. Using this method, the conditions for implementation of different quantum gates on the physical system of ultracold atoms in optical lattice was obtained in paper [48] . Experimental realization of a long-distance entangled state between spins in antiferromagnetic quantum spin chains was described in paper [49] . The authors experimentally * andrijkuzmak@gmail.com showed that unpaired separated spins entangle through a collection of spin singlets made up of antiferromagnetic spin-1/2 chains. The implementation of quantum gates on various physical systems was widely studied both theoretically and experimentally [25] [26] [27] [50] [51] [52] [53] [54] [55] [56] [57] .
We propose the method for preparation of a two-qubit state on basic two spins which mutually interact through the auxiliary spin (Sec. II). At the first step, under the action of the external magnetic field we consider the evolution of three spins having started from the factorized state. During the evolution, the system achieves the time-dependent state which at the predefined moment of time should be measured. We propose to measure the state of auxiliary spin by the monochromatic electromagnetic radiation. This allows to obtain the predefined state of the basic spins with a certain probability (Sec. III). In Sec. IV, we study the entanglement of this state and obtain the condition for achieving the maximally entanglement of system. Finally, we describe the implementation of the method on the physical system of nuclear spins of xenon difluoride (Sec. V). As a result, we calculate the conditions which allow to prepare the maximally entangled state on this system. Conclusions are presented in Sec. VI.
II. METHOD
We propose the method for preparation of a two-qubit quantum state on two spins using the auxiliary spin. The system which we consider for the implementation of this method consists of three spin-1/2: the two spins S 1 and S 2 as the basic qubits which mutually interact through the central spin S c as the auxiliary qubit (Fig. 1) . The interaction between spins is described by the isotropic Heisenberg Hamiltonian
where J is the coupling constant and S i is the operator which defines the ith spin. The method consists of three steps. At the first step, we prepare the initial state of the system. Then, the interactions between spins and external magnetic field provide the evolution of the system. Finally, at the given moment of time we make a continuous measurement of the central spin that allows to interrupt the interaction between basic spins and to maintain their quantum state. Before we consider this method in detail, let us rewrite Hamiltonian (1) with magnetic field in a more convenient form that allows us to simplify the future calculations.
Hamiltonian (1) with magnetic field can be represented as follows
where S = S c + S 1 + S 2 is the operator of total spin,
is the z component of this operator, S 12 = S 1 + S 2 is the operator of sum of the S 1 and S 2 spins, B is the value of the magnetic field, γ c and γ are the gyromagnetic ratios of the auxiliary and basic spins, respectively. The eigenvalues and eigenstates of Hamiltonian (2) are presented in Appendix A.
So, let us consider the evolution of the spin system described by Hamiltonian (2) having started from the initial state |ψ I = | ↑↑↓ . Here, the first ket vector defines the state of the auxiliary spin and the remaining two vectors describe the states of basic spins. This state can be prepared on experiment if the spins are placed in a strong magnetic field, such that the interaction between the field and spins is much higher than the interaction between spins. Then the initial state | ↑↑↓ is the eigenstate of such a system. To simplify the calculations we decompose the initial state in the basis of the eigenstates of Hamiltonian (2). Using results from Appendix A, we obtain the following expression
where a ± are dimensionless values which are determined by expression (A2). The evolution of the system is described by the Schrödinger equation and can be expressed as a unitary transformation
The evolution of the three spins defined by Hamiltonian
(1) having started from state (3) takes the form
where E (i) are the eigenstates of the system which correspond to eigenstates |ψ (i) (see (A1) in Appendix A). Using the explicit form of these eigenvalues and making some simplifications we obtain that the time-dependent state of the system is defined by the following expression
where we introduce the notation of the following complex number
with the module and argument
respectively. Finally, at the moment of time t f we make a measure of the auxiliary spin that allows to obtain a certain state of the remaining spins. From the analysis of state (6) it follows that if the auxiliary spin takes the state | ↓ then the remaining spins are defined by state | ↑↑ . This state is a factorized state and is of no interest because it can be prepared in the same way as the initial state. Otherwise, if the state of the auxiliary spin takes the form | ↑ then the state of the basic spins is defined by the following expression
where |z f | and φ f correspond to the moment of time t f . The continuous measurement of the central spin (Zeno effect [58, 59] ) provides the interruption of interaction between spins that in turn ensures the holding of the obtained states. It is worth noting that the external magnetic field B and effective magnetic field J/2, which appears due to interaction of basic spins with the measured auxiliary spin, do not influence state (7) . Also, it is important to note that the local manipulations with each spins separately allow achieving an arbitrary state of two qubits [47] . Let us describe the measurement process in detail.
III. MEASUREMENT OF THE AUXILIARY SPIN
In this section, we describe the measurement process of the central spin and, as a result, present physical quantities which should be measured experimentally to obtain a certain state of system. Measurement of the state of spin system is provided by the interaction of it with electromagnetic field and magnetic field [46] . For this purpose, we consider the interaction of spin system defined by Hamiltonian (2) with monochromatic electromagnetic radiation with frequency ω, wave vector with the x component k = (k, 0, 0) and polarization vector located in the perpendicular plane to the direction of propagation of the wave e = (0, e y , e z ). We assume that this interaction occurs after the evolution of the system at the moment of time t f . The spin system interacts only with the magnetic component of the field. Therefore, the Hamiltonian of this interaction has the form
where B int = 2πc 2 /(ωV )k is proportional to the value of the magnetic component of electromagnetic field, b + and b are the creation and annihilation operators of the photon with frequency ω and wave vector k. Here c is the speed of light in the vacuum, V is the volume where the electromagnetic field is located. We assume that the spin system is placed in the homogeneous field. We consider the interaction of spin system (2) with electromagnetic field in the first order of the perturbation theory, which describes the absorption and emission of the photons by system. It is easy to see that to describe these processes for the auxiliary spin it is enough to calculate the corrections to the eigenstates |ψ (2) and |ψ (5) (A1). The difference between the energy levels of these states is determined by the difference between the energy levels of the auxiliary spin. So, projecting the state of system on these perturbed states allows to find the probabilities of obtaining a certain state of the auxiliary spin.
As it is mentioned in the previous section, we are interested in the case of the | ↑ state of spin. Therefore, we calculate the probabilities which correspond to the absorption and emission of the photons by this spin in the | ↑ state. These probabilities allow us to obtain the intensities that correspond to these events. So, probabilities of the emission and absorption of photon by the auxiliary spin are calculated in Appendix B and they have the form
respectively. Here τ is the duration of electromagnetic irradiation, N is the number of photons in the environment and
+ ω,
are the differences between the corresponding energy levels of the system in the cases of the emission and absorption of photon by the auxiliary spin, respectively. Now we calculate the integrated intensity which is defined by the difference of the emitted and absorbed intensities. This intensity has the form
Here we use the fact that under the integral the following replacement can be made
where δ (ω ij /2) is the Dirac delta function, and k = ω/c. It is easy to see from expressions (9) and (11) that the auxiliary spin is obtained with maximum probability in the state | ↑ when the frequency of electromagnetic field is equal to ω = Bγ c and the polarization vector is such that |e z | = 1.
IV. PREPARATION OF THE ENTANGLED STATES
Entanglement plays a crucial role in processes related to the quantum information. For instance, the quantum teleportation of a qubit state requires the preparation of a two-qubit entangled state as a quantum channel [60, 61] . Also, the efficiency of quantum algorithms depends on the value of entanglement which the system of qubits can take during the evolution [1] [2] [3] [62] [63] [64] [65] [66] [67] . Therefore it is important to find the conditions for preparation of the entangled states on the system of basic spins.
Using the squared concurrence as an entanglement measure, we study the entanglement of state (7) . For a pure state of a bipartite two-level system it is defined by expression [68] [69] [70] where a, b, c and d are defined by expression
So, for state (7) the concurrence takes the form
. (14) This expression takes the maximum value (C(|ψ ent ) = 1) for condition
where φ ent , t ent corresponds to the maximally entangled state |ψ ent and n ∈ Z. So, for certain physical system defined by specific values of J, γ c and γ we obtain the relation between the moment of time t ent at which the system achieves the maximal entangled state and the value of magnetic field B. It is easy to show that for a high magnetic field |z| ≈ 1 and the following ratio (a + +a − )/(a + −a − ) takes the value ∓1, where upper and lower signs correspond to a positive and negative values of B (γ c − γ)/J, respectively. Then the dependence (15) can be represented as follows
In Fig. 2 , we express this dependence. As we can see, the minimal value of time is achieved for the absence of a field and it increases linearly with increasing the (18) between states (7) and (17) with |zent| = 1. The results are obtained for nuclear spins of xenon difluoride placed in the magnetic field B = 1 T.
value of magnetic field. Let us consider our methods for preparation the maximally entangled states on the nuclear spins of xenon difluoride.
V. APPLICATION TO THE XENON DIFLUORIDE
We propose to consider our method on nuclear spins of xenon difluoride. Xenon difluoride is a linear molecule ( Fig. 1) with a Xe atom which is located between two atoms of F. We consider the system which consists of 129 Xe and 19 F isotopes because each atom of this molecule has the nucleus with spin 1/2. So, we assume that the nuclear spin of xenon atom plays the role of auxiliary spin and the nuclear spins of fluorine atoms play the role of basic spins, respectively. The gyromagnetic ratios of nuclear spins of these isotopes are equal to γ c = −73.997 rad MHz T −1 for 129 Xe and γ = 251.662 rad MHz T −1 for 19 F, respectively. The interaction between xenon and fluorine nuclear spins is much stronger than between fluorine nuclear spins. Therefore, we can neglect the interaction between spins that belong to the fluorine atoms. Thus, the evolution of system depends only on the interactions between fluorine and xenon nuclear spins. The interaction couplings between these spins in different compounds, solvents and at the certain temperatures were obtained in paper [71] . We use the interaction coupling between nuclear spins of 129 Xe and 19 F in xenon difluoride that is surrounded by BrF 5 molecules as a solvent at temperature −40
• C. This coupling is equal to J/(2π ) = 5583 Hz.
As an example, let us consider the preparation of maximally entangled state on the spins of fluorine nuclei. So, for this purpose the system should be prepared in the initial state | ↑↑↓ , where the first ket vector corresponds to the state of the xenon nuclear spin and the remaining vectors define the state of the fluorine nuclear spins. Then, we put the system in the external magnetic field B directed along the z-axis. At the moment of time t ent determined by condition (15) with n = 0 we switch on the monochromatic electromagnetic radiation with frequency ω = Bγ c and polarization vector with zcomponent which propagates along the x-axis. This field allows us to measure the state of the system. So, if the integrated intensity of the system is defined by equation (11) with |e z | = 1 then the state of xenon spin takes the form | ↑ and the fluorine spins with modulo a global phase achieve the maximally entangled state
Let us assume that the external magnetic field has the value B = 1 T and is directed along the positive direction of the z-axis. The value of field is sufficiently high to use equation (16) for calculations and to put |z ent | ≈ 1.
Then we obtain t ent ≈ 0.82 s. Finally, let us calculate the fidelity as a function of time between states (7) and (17) . It takes the following form
In Fig. 3 , we express the behavior of this expression.
VI. CONCLUSIONS
We proposed the method for preparation the two-qubit state on the two basic spins-1/2 which mutually interact through the auxiliary spin. We assumed that interaction between spins is described by the isotropic Heisenberg Hamiltonian and the basic spins are different from the auxiliary spin by the gyromagnetic ratios. The essence of the method is that, initially, the three spins having started from the factorized state evolve under the action of the external magnetic radiation during the predefine period of time. Then, using the monochromatic electromagnetic field the auxiliary spin is measured. Depending on the result of measurement of predefined state (7) of the remaining spins, defined by the period of evolution and value of the magnetic field, is obtained with certain probability. Using this probability the integrated intensity was calculated (11) . This intensity allows to determine experimentally the state of the system. Also, using the squared concurrence as a measure of entanglement, condition (15) for achieving the maximally entangled state was obtained. Finally, we described the process of the implementation of our method on the physical system of nuclear spins of xenon difluoride. As an example, the conditions for preparing the maximally entangled state on this system was obtained.
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Appendices

Appendix A EIGENVALUES AND EIGENSTATES OF SPIN SYSTEM
In this appendix, we present the eigenvalues and eigenstates of the three-spin system described by Hamiltonian (2). So, using the properties of the total spin-squared operator S 2 and the S 2 12 operator we obtain the following eigenvalues and eigenstates of this system During the process of measurement of the auxiliary spin, it can emit and absorb the photon. Therefore, two probabilities which correspond to these events should be calculated. For this purpose, we use the time-dependent perturbation theory in the case of H int (8) perturbation. At the moment of time t f we calculate in the first-order the corrections to the state |ψ (5) |N , where |N is the eigenstate of photon subsystem. We calculate the corrections to this state because they define the auxiliary spin in the state | ↑ . So, in the first-order of perturbation theory we obtain two states which correspond to the facts that the photons are emitted and absorbed by the auxiliary spin. Finally, using the measurement postulate for state (6) the probabilities, which correspond to the case that during the period of interaction of the system with electromagnetic field the auxiliary spin takes the state | ↑ , are calculated as follows
Calculating the corresponding scalar products and making some simplifications, we obtain expressions (9).
